Charge symmetry breaking (CSB) in the Λ-nucleon strong interaction generates a charge dependence of Λ separation energies in mirror hypernuclei, which in the case of the A = 4 mirror hypernuclei 0 + ground states is sizable, ∆B Λ . These calculations are discussed here with emphasis placed on the leading-order chiral EFT hyperon-nucleon Bonn-Jülich strong-interaction potential model used and the no-core shell-model calculational scheme applied. The role of one-pion exchange in producing sizable CSB level splittings in the A = 4 mirror hypernuclei is discussed.
Introduction
Charge symmetry breaking (CSB) in the ΛN interaction, which amounts to the difference between the Λn and the Λp interactions, cannot be studied in free space for lack of direct or indirect Λn scattering data and also because none of the two possible I = each one with two particle-stable levels 0 Until recently, this relatively large observed CSB splitting could not be reproduced in ab-initio four-body calculations with the widely used hyperonnucleon (Y N) Nijmegen soft-core meson exchange models NSC97 e,f [5] ; see Refs. [6, 7, 8] . A maximal value of ∆B J=0 Λ ≈ 100 keV was reached in model NSC97 f [6] . The CSB model used in these past calculations is the Λ − Σ 0 mixing model of Dalitz and von Hippel [9] . In this model, the pure-isospin I = 0 Λ 0 (uds) and I = 1 Σ 0 (uds) octet hyperons which share the I z = 0 central point of the SU(3) f octet, as shown in Fig. 2 , are admixed by CSB in forming the physical Λ and Σ 0 hyperons. The model relates then the mass-mixing matrix element Σ 0 |δM|Λ to electromagnetic mass differences of SU(3) f octet baryons:
Lattice QCD calculations yield so far only half of this value for the massmixing matrix element [10, 11] . The reason apparently is the omission of QED from these calculations [12] . The mass-mixing matrix element (2) serves as insertion in ΛN CSB diagrams generated by the ΛN ↔ ΣN strong-interaction (SI) coupling potential V ΛN −ΣN , as shown in Fig. 3 , leading to a concrete expression of V CSB ΛN matrix elements in terms of V SI ΛN ↔ ΣN matrix elements [13] :
where the z component of the isospin Pauli matrix τ N assumes the values τ N z = ±1 for protons and neutrons, respectively, the isospin Clebsch-Gordan NΣ state, and the space-spin structure of this NΣ state is taken identical with that of the NΛ state embracing V CSB . The CSB scale coefficient 0.0297 in (3) follows from the Λ − Σ 0 mass-mixing matrix element Σ 0 |δM|Λ given above,
where the factor 2 accounts for the two possibilities of inserting δM in Fig. 3 , to the left of the SI circle or to its right (as drawn).
Since the charge symmetric SI ΛN ↔ ΣN coupling, according to Eq. (3), is the chief provider of the CSB ΛN matrix element, it is natural to ask how strong the ΛN ↔ ΣN coupling is in realistic microscopic Y N interaction models. In Fig. 4 we show results of no-core shell-model (NCSM) calculations of 4 Λ He levels [14, 15] , using the Bonn-Jülich leading-order (LO) chiral effective field theory (χEFT) Y N SI potential model [16] , in which ΛN ↔ ΣN coupling is seen to contribute between 3 to 4 MeV to the total binding of 4 Λ He and almost 40% of the 0 + g.s. → 1 + exc excitation energy E x . A similar effect on E x also occurs in the Nijmegen NSC97 models [5] . Recall that in a meson exchange model, one-pion exchange (OPE), forbidden by isospin in the SI ΛN diagonal potential, contributes as strongly as possible to the ΛN ↔ ΣN coupling potential. With SI ΛN ↔ ΣN potential energy contributions of order 10 MeV [17] , and with a CSB scale of order 3%, Eq. (3) could yield CSB contributions of order 300 keV. As shown below, the Bonn-Jülich LO χEFT Y N interaction potentials [16] are able to produce this order of magnitude by applying Eq. (3) to each one of the ΛN ↔ ΣN V SI components in this LO version. Disregarded in this procedure are CSB contributions arising from meson mixings, such as π 0 − η and ρ 0 − ω. These were found negligible,
in four-body ΛNNN calculations by Coon et al. [18] and are disregarded here.
1
The present work extends our Letter report [20] on CSB level-splitting calculations in the A = 4 mirror hypernuclei, adding calculational details, and furthermore comparing the CSB splittings derived from these ab initio calculations with those derived by a straightforward evaluation of OPE CSB contributions. The paper is organized as follows: in Sect. 2 we review briefly 1 In particular, correcting an oversight in Ref. [9] , the π 0 − η mixing contribution to ∆B J=0 Λ is opposite in sign to the positive π 0 exchange contribution from Λ − Σ 0 mixing [19] .
the Bonn-Jülich LO χEFT approach followed in our NCSM four-body calculations, as well as providing details of the application of this NCSM technique. Results of these calculations, updating and extending those of Ref. [20] , are presented in Sect. 3, with further discussion centered on the role of OPE in Sect. 4. The paper ends with a brief summary and outlook in Sect. 5.
Methodology

NCSM hypernuclear calculations
The version of the NCSM approach which is particularly suitable for dealing with few-body systems employs translationally invariant harmonicoscillator (HO) bases formulated in relative Jacobi coordinates [21] in which two-body and three-body interaction matrix elements are evaluated. Antisymmetrization is imposed with respect to nucleons, and the resulting Hamiltonian is diagonalized in a finite four-body HO basis, admitting all HO excitation energies N ω, N ≤ N max , up to N max HO quanta. This NCSM nuclear technique was extended recently to light hypernuclei [14, 15] and is applied here in a particle basis, with full account of the different masses within baryon iso-multiplets, to the 4 Λ H and 4 Λ He mirror hypernuclei, using momentum-space chiral model interactions specified in Sect. 2.2. Some technical details of the present application of the NCSM methodology to the A=4 mirror hypernuclei are relegated to the unpublished Appendix A. While it was possible to obtain fully converged binding energies, with keV precision, for the A=3 core nuclei 3 H and 3 He, it was not computationally feasible to perform calculations with sufficiently large N max to demonstrate convergence for 4 Λ H and 4 Λ He. In these cases extrapolation to an infinite model space, N max → ∞, had to be employed. 2 Extrapolated energy values E(ω) are obtained in the present work by fitting an exponential function,
with parameters A and B, to E(N max , ω fixed) sequences in the vicinity of the variational minima with respect to the HO basis frequency ω. The reliability of such extrapolations is then reflected in the independence of E(ω) of the frequency ω. In our fitting procedure, only the last three N max values which are the most reliable ones, were used. It is worth noting that the present work focuses on differences ∆B Λ of Λ-hyperon separation energies in 
where converged energy values of 3 H and 3 He are used together with extrapolated energy values for (1), together with their extrapolated values. The values of ∆B Λ exhibit fairly weak N max and ω dependence compared to the behavior of the absolute energies, and to a lesser extent the behavior of the Λ separation energies, and the employed extrapolation scheme is found sufficiently robust for our purposes. With regard to the use of N max → ∞ extrapolated values based on the last three N max values, it was found that including the last four N max values in the fit resulted in ∆B Λ values that differed by 10 keV.
LO χEFT Y N interaction input
χEFT interactions are used throughout this work, with N3LO NN and N2LO NNN interactions, [26, 27] respectively, both with momentum cutoff Λ = 500 MeV. For the SI Y N coupled-channel potentials V SI we use the Bonn-Jülich SU(3)-based LO χEFT approach [16] plus V CSB evaluated from V SI by using Eq. (3). In principle, the power counting underlying the EFT scheme allows to include two ΛN CSB contact terms, as done in N3LO NN versions to account quantitatively for the charge dependence of the lowenergy NN scattering parameters [26, 28] . Given, however, that low-energy Λp cross sections are poorly known and Λn scattering data are unavailable, the corresponding low-energy constants cannot be determined, unless they are fitted to the two CSB splittings ∆B J=0,1 Λ of the A = 4 hypernuclear mirror levels, in which case the A = 4 CSB calculation reduces to tautology. This unfortunate occurrence cannot be remedied by going from LO to NLO χEFT Y N potentials. For this reason, and anticipating that hypernuclear CSB is driven by the relatively long-range OPE, we disregard CSB contact terms.
The χEFT potentials V SI are regularized in momentum space, using the standard choice [6] 
in order to remove high-energy components of the hadronic fields involved.
to 700 MeV. Two of the five contact terms connect ΛN to ΣN in spin-singlet and triplet s-wave channels, and are of special importance for the calculation of CSB splittings. The dominant meson exchange interaction is OPE which couples the ΛN channel exclusively to the I = [15] , consistent with experiment (130±50 keV [3] ) and with Faddeev calculations reported by Haidenbauer et al. [6] . Isospin conserving matrix elements of V LO SI , given in momentum space, are evaluated here in a particle basis with full account of mass differences within baryon iso-multiplets, while isospin breaking I N N 0 ↔ 1 and 
Results
This section is divided to two parts, one in which the explicit CSB potential V CSB of Eq. (3) is excluded, in order to allow comparison with past calculations, and one in which V CSB is generated from the LO χEFT ΛN ↔ ΣN strong interactions used here.
Without explicit CSB
We start by comparing in Table 1 (0 + g.s. ) and Table 2 (1 + exc ) our NCSM calculations to Nogga's Yakubovsky-equations calculations for 4 Λ H, both using the same LO χEFT Y N interactions with no explicit CSB potential V CSB , and also to Nogga's recent calculations using NLO [7] . With uncertainties in calculated B Λ values arising from different NN input in different LO calculations, and also from the suppressed NNN interaction, all of which are conservatively estimated to be of the order of ∼0.1 MeV, we cite LO results up to the first decimal point. [30] . However, as argued by us in the Letter version of this work [20] , these terms are unlikely to give rise to additional CSB contributions. The underbinding noted above for the NLO results is manifest also upon inspecting the calculated excitation energies Table 3 . Whereas both LO calculations reproduce the value of E x expected from experiment, albeit by virtue of the large spread of their Λ dependent E x values, the nearly Λ-independent E x values in NLO are short by roughly 0.4±0.1 MeV of reproducing the value expected from experiment. 
Although no explicit CSB potential V CSB was used in the calculations briefed in this subsection, small residual CSB splittings of hypernuclear mirror levels arise, mainly from two sources: (i) the increased repulsive Coulomb energy of 
which for J = 0 is of opposite sign to the positive ∆B J=0 Λ observed; and (ii) ΣN intermediate-state mass differences in kinetic energy terms, estimated by Nogga et al. [32] (see also Table 2 in Ref. [13] ) for the 0
where P Σ is the ΣNNN admixture probability, of the order of 1% in the 0 + g.s. and considerably smaller for the 1 + exc state. There is substantial cancellation between these two contributions as seen from Table 4 where we list differences ∆B J Λ (A = 4) of separation energies computed at given values of ω on top or near the absolute variational energy minima from N max = 18 (14) output for J = 0(1), using LO χEFT coupled-channel Y N potentials [16] with no explicit V CSB . The uncertainty associated with the specific choice of ω amounts to few keV at most. Since the ΣNNN admixture probability increases with the cutoff momentum Λ, owing to the small spatial extension of the ΣNNN components of the four-body wave function, the ΣNNN admixture kinetic-energy positive contribution gradually (as function of Λ) takes over the long-range Coulomb potential negative contribution in the 0 + g.s. , whereas in the 1 + exc state it only reduces the magnitude of the latter by about 50%. In Table 5 we show the cutoff dependence of the calculated Λ separation energies B Table 5 show a moderate cutoff dependence for the 0 Table 5 demonstrate substantial CSB, particularly for the higher values of the cutoff momentum Λ. The derived CSB level splittings ∆B J Λ are listed in Table 6 . One notes a strong cutoff momentum dependence of ∆B 
With explicit CSB
As discussed in our Letter [20] , the reason for the opposite signs and approximately equal sizes of the J = 0, 1 CSB level splittings is the dominance of the 1 S 0 contact term (CT) in the SI ΛN ↔ ΣN coupling potential of the LO chiral EFT Y N Bonn-Jülich approach [16] . The 3 S 1 CT is completely 
Note that the CT and 8 f splittings listed here do not add up precisely to the corresponding total values listed in Table 6 owing to the small 'background' CSB contributions surviving in the limit V CSB → 0 (see Table 4 ) which are present in each one of the listed ∆B J Λ values. The small PS 8 f meson exchange contributions, including that of the π meson, are opposite in sign to the Dalitz-von Hippel (DvH) OPE contribution [9] , which is known to be the strongest meson exchange among the PS 8 f meson exchanges. We discuss this puzzling situation in the next section. Table 5 for both A=4 mirror hypernuclei. The dotted horizontal lines mark the values of E x deduced from γ-ray measurements [4] ; see Fig. 1 . The crossing of these dotted lines with the respective E x solid lines suggests that a choice of cutoff momentum Λ between 600 and 650 MeV gives the best reproduction of E x . As noted in several few-body calculations of s-shell hypernuclei [33, 34, 35, 36] , and also demonstrated here in Fig. 4 , E x is strongly correlated with the ΛN ↔ ΣN coupling potential which in the present context, through Λ − Σ 0 mixing, gives rise to CSB splittings of the A = 4 mirror levels. One expects then a similarly strong correlation for the CSB splitting of E x . Indeed, Fig. 6 shows clearly that as E x increases with Λ, so does the difference ∆E x ≡ E x ( 
Discussion
Dalitz and von Hippel [9] who suggested the CSB Λ − Σ 0 mass-mixing mechanism, realized its great merit of generating a ΛN OPE long-range CSB potential, V [17, 32] , using the coupled-channel Y N interaction models NSC97 [5] , incorporated OPE and ORE CSB contributions, including those from tensor-interaction components, as well perhaps as other contributions. Surprisingly, small values of ∆B J=0 Λ were found, about 75 keV [32] and 100 keV [6] in versions e and f, respectively, of NSC97.
All of the calculations mentioned above agree in sign, ∆B J=0 Λ (OPE) > 0, with the experimentally derived value of ∆B J=0 Λ . However, in the present calculations, a negative OPE contribution is indicated by Eq. (12) . To understand this apparent disagreement we list in Tables 7 and 8 Table 7 and Λ SI = 600 MeV in Table 8 , whereas the momentum-space V OPE CSB was regularized using a sequence of Λ CSB values, Λ CSB = 600, 700 MeV, in each one of the tables. Similarly, results for ∆B J=1 Λ (OPE) are listed in Tables 9 and 10 below. We also checked the limit Λ CSB → ∞, in which V OPE CSB is not regularized. in NCSM A=4 binding energy calculations, using the Bonn-Jülich LO χEFT SI Y N potentials [16] with cutoff Λ SI = 550 MeV. The CSB OPE potential is regularized using cutoff values Λ CSB (in MeV). The limiting case Λ CSB → ∞ corresponds to unregularized CSB OPE potential. For the meaning of the DvH entries, see text. The OPE potential has two components with contributions listed in the second and third columns: (i) a spin-dependent central component and (ii) a tensor component. These two partial contributions add up approximately, taking into account the 'background CSB' contributions of Table 4 in Sect. 3.1, to the summed OPE contribution in the LO χEFT interaction model given in the fourth column. A spin dependence σ Λ · σ N is responsible for the approximate ratio −3:1 of the J = 0 to J = 1 central contributions. However, these contributions are of opposite sign to those expected naively from OPE. The resolution of the puzzle is that the central component of this OPE potential, like all PS 8 f exchange potentials in the Bonn-Jülich model, consists of two opposite-sign terms which in coordinate space are the familiar Yukawa exponential potential of range m Tables 7, 8, 9 and 10, this contribution is insensitive to any of the two cutoffs, Λ SI and Λ CSB , within the range of values varied, and the corresponding ≈105 keV contribution for J = 0 is consistent with the rough update mentioned above of the DvH central-OPE estimate. In contrast, the tensor contribution, particularly for J = 0, is more sensitive to each one of the cutoffs, with a spread of values from the finite Λ CSB entries in Tables 7 and 8 given by ∼70±35 keV in the 0 + g.s. . Altogether the 'updated DvH' total OPE CSB contribution to ∆B J=0 Λ inferred from the finite Λ CSB rows is quite large, ∼175±40 keV, with a much smaller-size and negative total OPE CSB contribution, ≈ −48±10 keV, to ∆B J=1 Λ . This would fit remarkably well the observed CSB splittings. 
For the finite values of the cutoff Λ CSB listed in Tables 7, 8, 9 and 10, the dependence of the CSB OPE contributions on Λ CSB for a given Λ SI is weak to moderate, and the limiting case of Λ CSB → ∞ poses no convergence problem. However, once Λ CSB is increased beyond roughly 700 MeV, the ORE contribution may no longer be ignored, with a δ( r)-subtracted central contribution that augments the OPE δ( r)-subtracted central contribution and a tensor contribution that reduces considerably the OPE tensor contribution. We conjecture that the failure of the NSC97 Y N models to reproduce the large size of the observed g.s. CSB splitting ∆B J=0 Λ arises from a strong cancellation between the OPE and ORE tensor CSB contributions which in these models overshadow the central CSB contributions.
Finally, the dependence of the total, 'updated DvH' OPE CSB contribution on the strong-interaction cutoff Λ SI , for a given Λ CSB , is considerably weaker for the 0 + g.s. than that given in Table 6 using Eq. (3) to derive V CSB .
Summary and outlook
In this work we discussed the extension of the NCSM from few-body nuclear to few-body hypernuclear applications and provided details of our recent Letter publication on ab initio calculations of CSB in the A=4 mirror hypernuclei [20] . These calculations are the first microscopic calculations to generate a large positive value of ∆B J=0 Λ commensurate with experiment, although with a considerable momentum-cutoff dependence within the BonnJülich LO χEFT coupled-channel Y N potential model [16] . The calculational extrapolation uncertainties involved in the evaluation of ∆B J=0 Λ were estimated to be in the range of 10 to 20 keV at most. In the Bonn-Jülich χEFT approach, the relatively large value derived for ∆B J=0 Λ arises from the 1 S 0 CT of the SI ΛN ↔ ΣN coupling potential, appearing to have no relationship with the large OPE CSB contribution anticipated by DvH [9] . This is a direct consequence of using the relationship given by Eq. (3) between SI and CSB. By removing the short-range δ( r) term from the OPE ΛN CSB potential, and using a DWBA-like evaluation of this CSB potential, we were able to recover the DvH original estimate of the central OPE CSB contribution, updated to present-day coupling constants. Furthermore, choosing a cutoff Λ SI =600 MeV, which is closer to reproducing E x (0 Future applications of the NCSM to p-shell hypernuclei are desirable, in view of the few CSB mirror-level splittings known in this mass range [13] . The lesson of this latter work is that genuine CSB splittings become smaller as one goes to heavier hypernuclei. In this respect, given the particularly large observed value of ∆B J=0 Λ in the A=4 mirror hypernuclei considered in the present work, these hypernuclei provide a unique test ground for CSB models beyond nuclear physics.
Appendix A: Jacobi-coordinate NCSM hypernuclear applications
The starting point of the ab initio NCSM calculations is the Hamiltonian for a system of nonrelativistic nucleons and hyperons interacting by realistic two-body NN and Y N, and also three-nucleon interactions:
In the present work, considering the A=4 mirror hypernuclei, the momenta p i , masses m i and coordinates r i for i = 1, 2, 3 correspond to nucleons and those for i = 4 to hyperons. The Hamiltonian form (A.1) is then rewritten in terms of relative Jacobi coordinates, momenta and their associated masses. There are several different sets of Jacobi coordinates, The first of which is defined by
This particular set is a natural one for implementing antisymmetrization with respect to nucleons, and is subsequently used for diagonalization of the Hamiltonian. Here, ξ 0 is proportional to the center of mass coordinate of the A-baryon system and ξ i (i > 0) is proportional to the relative coordinate of the i + 1 baryon with respect to the center of mass of ≤ i baryons. The kinetic energy term in Eq. (A.1) is then rewritten in terms of Jacobi cooredinates (A.2):
Since the various interactions V in (A.1) do not depend on ξ 0 , the center of mass kinetic energy can be omitted from (A.3), and one can use an HO basis depending on coordinates ξ 1 , ξ 2 and ξ 3 , e.g.
Here n, l are HO quantum numbers corresponding to coordinate ξ 1 describing the relative motion of the first two nucleons; n 3 , l 3 corresponding to ξ 2 describe the relative motion of the third nucleon with respect to the nucleon pair; and n Y , l Y associated with ξ 3 describe the relative motion of the hyperon with respect to the three-nucleon cluster. The spin quantum numbers referring to single-particle states are omitted, s = 0, 1 is the spin of the two-nucleon pair, and the j quantum numbers denote respective angular momenta. We work in the isospin basis, t = 0, 1 is the isospin of the nucleon pair, and the nucleon single-particle isospin is also suppressed in (A. l+s+t = −1 for the two-nucleon system. It is, however, not antisymmetric with respect to nucleon exchanges 1 ↔ 3 and 2 ↔ 3. The procedure of fully antisymmetrizing the three-nucleon cluster in the basis (A.4), recalling that it is disconnected from the hyperon quantum numbers, is described in detail e.g. in Ref. [21] . The resulting fully antisymmetric three-nucleon cluster basis elements can be expanded as linear combinations of the original basis (A.4). Incidentally, the set of coordinates (A.2) is also suitable for evaluating three-nucleon interaction matrix elements which are naturally expressed as functions of the Jacobi coordinates ξ 1 and ξ 2 [27] .
The basis (A.4) is, however, inappropriate for evaluating two-body interaction terms. Another set of Jacobi coordinates suitable for basis expansion when NN and Y N interaction matrix elements are calculated is obtained by keeping to ξ 0 , ξ 1 and introducing two new variables, 13) where the matrix elements on the right hand sides are diagonal in all quantum numbers of the states (A.7) except for n, l and n Y N , l Y N , respectively, for isospin conserving interactions. Equally straightforward is the evaluation of two-body interactions defined in momentum space, since transformations analogous to those in (A.2) and (A.6) can be introduced for momenta p i by substituting r i → p i m i
. Both local and non-local interactions can be accommodated within the NCSM methodology.
Realistic NN and Y N interactions are, however, usually defined in the particle basis, not in the isospin basis. To evaluate the corresponding matrix elements of V N N between good-isospin basis states (A.7) we use the following 
